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Abstract The eigenvalue problem for the Hamiltonian operator associated with the mathematical
model for the deﬂection of a thin elastic plate is investigated. First, the problem for a rectangular
plate with simply supported edges is solved directly. Then, the completeness of the eigenfunctions is
proved, thereby demonstrating the feasibility of using separation of variables to solve the problem.
Finally, the general solution is obtained by using the proved expansion theorem. c© 2011 The Chinese
Society of Theoretical and Applied Mechanics. [doi:10.1063/2.1101102]
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The method of separating variables is an eﬀec-
tive method to solve some partial diﬀerential equations
(PDE’s). However, many PDE’s, especially those aris-
ing from mathematical physics and mechanics, can not
be solved directly by separating variables. To overcome
the shortcoming of the traditional method of separating
variables, Zhong[1] has introduced the theory of Hamil-
tonian systems to elasticity, establishing a new method-
ology for solving elastic problems in Hamiltonian sys-
tems. Many mechanical problems were solved.[2–8] The
methodology breaks through the limitation of the self-
adjointness and derives to the eigenvalue problems of
Hamiltonian operator matrices, which need to investi-
gate the spectral theory of Hamiltonian operator matri-
ces. Among the investigation, the completeness of the
corresponding symplectic eigenfunctions is considered
ﬁrst of all.
Recently, the feasibility of symplectic eigenfunction
expansion for the isotropic plane magnetoelectroelastic
solid problem in Hamiltonian system was considered.[9]
Most recently, some theoretical results[10,11] were pro-
posed for the completeness of symplectic eigenfunctions,
but it was not considered that the Jordan eigenfunctions
of the Hamiltonian operator matrix appear. Although
the symplectic expansion of eigenfunctions including
the Jordan eigenfunction is applied to solve numerous
mechanic problems,[12] especially non-self-adjoint prob-
lems, the correlative expansion theorem has not been
completely established.
In this paper, we extend the method in Ref. [13]
to prove the completeness of eigenfunction systems, in-
cluding the Jordan eigenfunction, for an elastic thin
plate with two simply supported edges, and give the
general solution of the Hamiltonian system.
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The governing equation of elastic thin plate can be
expressed in Cartesian coordinates as
∂Mx
∂x
+
∂Mxy
∂y
−Qx = 0,
∂My
∂y
+
∂Mxy
∂x
−Qy = 0,
∂Qx
∂x
+
∂Qy
∂y
+ q = 0.
The internal forces are determined by
Mx = −D
(
∂2w
∂x2
+ ν
∂2w
∂y2
)
,
My = −D
(
∂2w
∂y2
+ ν
∂2w
∂x2
)
,
Mxy = −D(1− ν) ∂
2w
∂x∂y
,
Qx = −D ∂
∂x
∇2w, Qy = −D ∂
∂y
∇2,
Vx = Qx +
∂Mxy
∂y
, Vy = Qy +
∂Mxy
∂x
,
where w(x, y) is the transverse displacement, D =
Eh3/12(1− ν2) is the ﬂexural rigidity, E and ν are the
elastic modulus and Poisson’s ratio, h is the thickness
and q is the applied loading of the plate surface, k is the
modulus of reaction. Here Mx,My,Mxy, Qx, Qy, Vx, Vy
are the bending moments, twisting moments, transverse
shearing forces and equivalent shearing forces, respec-
tively.
We consider the simply supported boundary condi-
tions
w =
∂2w
∂x2
= 0, for x = 0 and x = a (1)
in the following rectangular region {(x, y) | 0 ≤ x ≤
a, 0 ≤ y ≤ b}.
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The vertical coordinate y here is employed to sim-
ulate the time variable in Hamiltonian system. Setting
θ = ∂w/∂y and T = −Vy, gives
θ =
∂w
∂y
,
∂T
∂y
= −D(1− ν2)∂
4w
∂x4
+ ν
∂2My
∂x2
+ q,
∂My
∂y
= 2D(1− ν)∂
2θ
∂x2
− T. (2)
Equation (2) can be written in the Hamiltonian
system[12]
∂U
∂y
=⎛
⎜⎜⎜⎜⎝
0 1 0 0
−ν ∂2∂x2 0 0 −
1
D
−D(1− ν2) ∂4∂x4 0 0 ν ∂
2
∂x2
0 2D(1− ν) ∂2∂x2 −1 0
⎞
⎟⎟⎟⎟⎠ ·
U + f , (3)
where
U = (w, θ, T,My)
T, f = (0, 0, q, 0)T
are the state vector and the vector of external force,
respectively.
According to Eq. (3), the corresponding Hamilto-
nian operator matrix is
H =⎛
⎜⎜⎜⎜⎝
0 1 0 0
−ν d2dx2 0 0 −
1
D
−D(1− ν2) d4dx4 0 0 ν d
2
dx2
0 2D(1− ν) d2dx2 −1 0
⎞
⎟⎟⎟⎟⎠ .
(4)
As for the operator (4), we must properly specify
the state space where it operates and its domain. Here
we choose the Hilbert space X = L2(0, a) and set W =
X × X × X × X. In view of the boundary condition
(1), My = −D(∂2w/∂y2 +ν∂2w/∂x2) and the ﬁrst one
of Eq. (2), the domain of (4) is given by
D(H ) =
{
(w¯, θ¯ , T¯ ,M )T ∈ W
∣∣∣∣∣
w¯′, w¯(3), θ¯′,M ′ are absolutely continuous,
w¯(4), θ¯′′,M ′′ ∈ X.
If x = 0 or x = a,
w¯ = w¯′′ = θ¯ = θ¯′′ = M = M ′′ = 0.
}
In order to solve Eq. (3), the eigenvalues and the
eigenfunction systems of the operator (4) should be
solved ﬁrstly. By straightforward calculation, we ob-
tain
λn =
nπ
a
, ψ0n(x) = (1, λn, D(ν − 1)λ3n,
D(ν − 1)λ2n)T sinλnx, ψ1n(x) = (0, 1, λ2nD(1 + ν),
− 2λnD)T sinλnx, n = ±1,±2, · · · , (5)
where ψ0n(x) and ψ
1
n(x) are called the zero-order and
the ﬁrst-order Jordan eigenfunctions, respectively.
The next lemma shows that the eigenfunctions (5)
are symplectic orthogonal and adjoint, which are new
symplectic properties compared with Refs. [1], [3], [13].
These kind of new properties play a key role in the proof
of our main result.
Lemma 1 The eigenfunction systems {ψ0n(x)}∞−∞
and {ψ1n(x)}∞−∞ (n is non-zero integer) of the Hamilto-
nian operator matrix (4) have the following orthogonal
relationships
〈ψ0n(x),ψ0m(x)〉 = 0, for any integers n,m, (6a)
〈ψ0n(x),ψ1m(x)〉 =
{
0, m = −n,
−2λ2nDa, m = −n, (6b)
〈ψ1n(x),ψ1m(x)〉 =
{
0, m = −n,
−2λnDa, m = −n. (6c)
where 〈·, ·〉 denotes the symplectic inner product deﬁned
as
〈v1, v2〉 =
∫ a
0
vT1 Jv2 dx, for
v1, v2 ∈ W,J =
(
0 I2
−I2 0
)
.
The following theorem is the main result in this pa-
per, which oﬀers a theoretic guarantee of the feasibility
of variable separation method based on the Hamiltonian
system for the thin plate.
Theorem 1 The eigenfunction systems (5) of the
Hamiltonian operator matrix (4) are complete in the
sense of Cauchy’s principal value in the space W .
Namely, for any g(x) ∈ W , there exist constant se-
quences {g0n}+∞n=1, {g0−n}+∞n=1, {g1n}+∞n=1 and {g1−n}+∞n=1
such that
g(x) =
∞∑
n=1
(
g0nψ
0
n(x) + g
0
−nψ
0
−n(x)
+ g1nψ
1
n(x) + g
1
−nψ
1
−n(x)
)
.
Proof. For any g(x) ∈ W , we denote g(x) by the
matrix form g(x) = (g1(x), g2(x), g3(x), g4(x))
T. Ac-
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cording to Lemma 1, we set
g1n = −
1
〈ψ0−n(x),ψ1n(x)〉
〈g(x),ψ0−n(x)〉
=
1
2λ2nDa
∫ a
0
[g3(τ)− λng4(τ)−
λ2nD(ν − 1)(g2(τ)− λng1(τ))] sinλnτdτ
and
g0n =
〈g(x),ψ1−n〉
〈ψ0n,ψ1−n〉
− g1n
〈g(x),ψ1−n〉
〈ψ0n,ψ1−n〉
=
1
2λ3nDa
∫ a
0
[−g3(τ) + λ2nD(g2(τ)
+ 2λng1(τ) + νg2(τ))] sinλnτdτ.
Utilizing the similar way, we take
g1−n =
1
2λ2nDa
∫ a
0
[−g3(τ)− λng4(τ)
+ λ2nD(ν − 1)(g2(τ) + λng1(τ))] sinλnτdτ,
g0−n =
1
2λ3nDa
∫ a
0
[−g3(τ) + λ2nD(g2(τ)
− 2λng1(τ) + νg2(τ))] sinλnτdτ.
So we have
g0nψ
0
n + g
0
−nψ
0
−n + g
1
nψ
1
n + g
1
−nψ
1
−n
=
(
2
a
∫ a
0
g1(τ) sinλnτdτ,
2
a
∫ a
0
g2(τ) sinλnτdτ,
2
a
∫ a
0
g3(τ) sinλnτdτ,
2
a
∫ a
0
g4(τ) sinλnτdτ
)T
sinλnx.
Obviously
∞∑
n=1
(
2
a
∫ a
0
gk(τ) sinλnτdτ
)
sinλnx
is the Fourier series of gk(x) expanded by using the
complete orthogonal function system {sinλnx}+∞n=1 in
L2(0, a) (k = 1, 2, 3, 4). Consequently, we obtain
gk(x) =
∞∑
n=1
(
2
a
∫ a
0
gk(τ) sinλnτdτ
)
sinλnx
for k = 1, 2, 3, 4. This completes the proof.
It follows from Theorem 1, the eigenfunction sys-
tems {ψ0n(x)}n=+∞n=−∞ and {ψ1n(x)}n=+∞n=−∞ are complete in
the function spaceW . By the principle of superposition,
the solution of Eq. (3) has the following representation
U (x, y) =
∞∑
n=1
(
ξ0n(y)ψ
0
n(x) + ξ
0
−n(y)ψ
0
−n(x)
+ ξ1n(y)ψ
1
n(x) + ξ
1
−n(y)ψ
1
−n(x)
)
. (7)
Assume the inhomogeneous item f of Eq. (3) can
be expanded as
f =
∞∑
n=1
(
f0n(y)ψ
0
n(x) + f
0
−n(y)ψ
0
−n(x)
+ f1n(y)ψ
1
n(x) + f
1
−n(y)ψ
1
−n(x)
)
, (8)
where the Fourier coeﬃcients f0n(y), f
0
−n(y), f
1
n(y),
f1−n(y) are given by taking the symplectic orthogonality
of eigenfunctions
f0n(y) = f
0
−n(y) = −
1
2λ3nDa
∫ a
0
q(
, y) sinλn
d
,
f1n(y) = −f1−n(y) =
1
2λ2nDa
∫ a
0
q(
, y) sinλn
d
.
(9)
Substitution of Eqs. (7) and (8) into Eq. (3) yields the
following solutions:
ξ1n(y) = c
1
ne
λny +
∫ y
0
f1n(τ)e
λn(y−τ)dτ,
ξ0n(y) = (c
0
n + xc
1
n)e
λny +
∫ y
0
f0n(τ)e
λn(y−τ)dτ
+
∫ y
0
∫ η
0
f1n(τ)e
λn(y−τ)dτdη, n = ±1,±2, · · · ,
(10)
where c0n, c
1
n are arbitrary constants, which are deter-
mined by the boundary conditions of the lateral side y.
Substituting Eqs. (9) and (10) into Eq. (7), the gen-
eral solution of Eq. (3) is given below
U (x, y) = (w(x, y), θ(x, y), T (x, y),My(x, y))
T
=
∞∑
n=1
{c0nΨ0n(x, y) + c1nΨ1n(x, y)
+ c0−nΨ
0
−n(x, y) + c
1
−nΨ
1
−n(x, y)}
+
∞∑
n=1
∫ y
0
(
Φn(x, y, τ) +Φ−n(x, y, τ)
)
dτ
+
∞∑
n=1
∫ y
0
(
Ωn(x, y, η) +Ω−n(x, y, η)
)
dη, (11)
where
Ψ0n(x, y) = e
λnyψ0n(x),
Ψ1n(x, y) = e
λny(ψ1n(x) + yψ
0
n(x)),
Φn(x, y, τ) =
λnψ
1
n(x)−ψ0n(x)
2λ3nDa
·∫ a
0
q(
, τ)eλn(y−τ) sinλn
d
,
Ωn(x, y, η) =
ψ0n(x)
2λ2nDa
∫ η
0
∫ a
0
q(
, τ)·
eλn(y−τ) sinλn
d
dτ.
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Table 1. The computed results
(x, y) (0.05, 0.50) (0.20, 2.50) (0.90, 1.95) (1.65, 2.50) (1.98, 3.60) (1.98, 4.95)
Dw 0.008 708 39 0.264 634 0.678 293 0.445 264 0.026 954 1 0.071 146 5
My −0.017 534 3 0.316 176 0.662 379 0.509 624 −713.366 48 777.4
All formulas above, unlike the classical semi-inverse
method, are derived analytically in a rational manner,
and rigorously step-by-step without any guess or trial
shape functions. It is worth mentioning that the for-
mula (11) gives not only exact transverse displacement
but also bending moment and equivalent shearing force.
The traditional Levy’s method[14] does not seem able to
do it.
Consider the region Ω = {(x, y) | 0 ≤ x ≤ a, 0 ≤
y ≤ b}, the boundary conditions of the lateral side y
are
w =
∂w
∂y
= 0 for y = 0 and y = b.
The linear function load q = q0y is examined here,
where q0 is a constant. According to Lemma 1, the
constants c0±n and c
1
±n in Eq. (11) can be determined
as
c0n = c
0
−n = q0
[
3 + 2b2λ2n + 4b
2λ2ncosh(bλn)
− 3cosh(2bλn)
]
sin2
(
aλn
2
){
aDλ6n
[
1 + 2b2λ2n
− cosh(2bλn)
]}−1
, (12)
c1n = q0sin
2
(
aλn
2
)(− 3 + 4bλn − 2b2λ2n
− 4bλn(1 + bλn)cosh(bλn) + 3cosh(2bλn)
+ 4sinh(bλn) + 4b
2λ2nsinh(bλn)− 2sinh(2bλn)
)
{
aDλn
5
[
1 + 2b2λ2n − cosh(2bλn)
]}−1
, (13)
c1−n = q0 sin
2
(aλn
2
)(
3 + 2bλn(2 + bλn)
+ 4bλn(−1 + bλn)cosh(bλn)− 3cosh(2bλn)
+ 4
(
1 + b2λ2n
)
sinh(bλn)− 2sinh(2bλn)
)
{
aDλ5n
[
(1 + 2b2λ2n − cosh(2bλn)
]}−1
,
(n = 1, 2, · · · ). (14)
Set a = 2, b = 5 and q0 = 2. Take Poisson’s ratio
ν = 0.3 and n = 10. Some computed results of the
transverse displacement w and the bending momentMy
are listed in Table 1.
As mentioned above, the thin plate with two simply
supported edges was exactly solved here using the sym-
plectic eigenfunction expansion, and what is more, the
completeness of eigenfunction systems for the Hamil-
tonian operator matrix is proved. This theorem oﬀers
a theoretic guarantee of the feasibility of variable sep-
aration method based on Hamiltonian system for the
thin plate, moreover, the general solution was obtained
by applying the expansion theorem. This approach of
problem handling can be used in the plate bending equa-
tions with simply supported edges[15] and moderately
thick rectangular plates with two simply supported op-
posite edges.[16]
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